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Abstract
As a generalization of Dempster-Shafer theory, D number theory provides
a framework to deal with uncertain information with non-exclusiveness and
incompleteness. However, some basic concepts in D number theory are not
well defined. In this note, the belief and plausibility measures for D num-
bers have been proposed, and basic properties of these measures have been
revealed as well.
Keywords: Belief measure, Plausibility measure, D numbers,
Dempster-Shafer theory
1. Introduction
Dempster-Shafer evidence theory (DST) [1, 2] is one of the most popular
theories for dealing with uncertain information, and has been widely used
in various fields [3–5]. But it is limited by some hypotheses and constraints
that are hardly satisfied in some situation [6–9]. There are two main aspects.
First, in DST a frame of discernment (FOD) must be composed of mutu-
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ally exclusive elements, which is called the FOD’s exclusiveness hypothesis.
Second, in DST the sum of basic probabilities or mass m(.) in a basic prob-
ability assignment (BPA) must be 1, which is called the BPA’s completeness
constraint.
To overcome the above-mentioned limitations in DST, a new framework
called D number theory (DNT) has been proposed [6, 8, 10] for the fusion
of uncertain information with non-exclusiveness and incompleteness. This
is a developing theory. In previous studies, the definition of D numbers,
combination rule and uncertainty measure for D numbers have been given
one after another [6, 8, 10, 11]. At the same time, a belief measure and a
plausibility measure for D numbers were developed [10, 11]. However, after
deep and further research, it was found that the previous developed belief
and plausibility measures of D numbers are not satisfactory. They do not
satisfy the property of Bel(A)+P l(A¯) = 1 for any subset A belonging to the
FOD. Facing that, this note gives a new pair of belief and the plausibility
measures, and the properties of the new belief and plausibility measures are
presented.
The rest of this note is organized as follows. Section 2 gives a brief
introduction about DST and DNT. In Section 3, new belief measure and
plausibility measure for D numbers are proposed and basic properties of
these measures are presented. Finally, Section 4 concludes the note.
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2. Basics of Dempster-Shafer theory and D number theory
In this section, some basic definitions and concepts about DST and DNT
are given as below.
Let Ω be a set of N mutually exclusive and collectively exhaustive events,
indicated by
Ω = {q1, q2, · · · , qi, · · · , qN} (1)
where set Ω is called a frame of discernment (FOD). The power set of Ω is
indicated by 2Ω, namely
2Ω = {∅, {q1}, · · · , {qN}, {q1, q2}, · · · , {q1, q2, · · · , qi}, · · · ,Ω}. (2)
The elements of 2Ω or subsets of Ω are called propositions.
Definition 1. Let a FOD be Ω = {q1, q2, · · · , qN}, a mass function defined
on Ω is a mapping m from 2Ω to [0, 1], formally defined by:
m : 2Ω → [0, 1] (3)
which satisfies the following condition:
m(∅) = 0 and
∑
A⊆Ω
m(A) = 1. (4)
Given a BPA, its associated belief measure Belm and plausibility measure
P lm express the lower bound and upper bound of the support degree to each
proposition in that BPA, respectively. They are defined as
Belm(A) =
∑
B⊆A
m(B), (5)
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P lm(A) =
∑
B∩A 6=∅
m(B), (6)
Obviously, P lm(A) ≥ Belm(A) for each A ⊆ Ω, and [Belm(A), P lm(A)] is
called the belief interval of A in m.
D number theory (DNT) is a new theoretical framework for uncertainty
reasoning that has generalized DST to the situation of non-exclusive and
incomplete information.
Definition 2. Let Θ be a nonempty finite set Θ = {θ1, θ2, · · · , θN}, a D
number is a mapping formulated by
D : 2Θ → [0, 1] (7)
with
∑
B⊆Θ
D(B) ≤ 1 and D(∅) = 0 (8)
where ∅ is the empty set and B is a subset of Θ.
In DNT, the elements in FOD Θ are not required to be mutually exclusive.
Regarding the non-exclusiveness in DNT, a membership function is developed
to measure the non-exclusive degrees between elements in Θ.
Definition 3. Given Bi, Bj ∈ 2
Θ, the non-exclusive degree between Bi and
Bj is characterized by a mapping u:
u : 2Θ × 2Θ → [0, 1] (9)
with
u(Bi, Bj) =


1, Bi ∩Bj 6= ∅
p, Bi ∩Bj = ∅
(10)
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and
u(Bi, Bj) = u(Bj, Bi) (11)
where 0 ≤ p ≤ 1. All non-exclusive degrees u(Bi, Bj), Bi, Bj ∈ 2
Θ, make up
a matrix U.
If
∑
B⊆Θ
D(B) = 1, the corresponding D number is information-complete.
By contrast, if
∑
B⊆Θ
D(B) < 1 the D number is information-incomplete. In
this note, we focus on the case of complete information, but the proposed
measures can be naturally generalized to the case of information-incomplete
D numbers.
3. Proposed belief and plausibility measures for D numbers
In this section, a new pair of belief measure and plausibility measure for
D numbers is proposed as follows.
Definition 4. Let D represent a D number defined on Θ, the belief measure
for D is mapping
Bel : 2Θ → [0, 1]
satisfying
Bel(A) =
∑
B⊆A
D(B)
[
1− u(B, A¯)
]
(12)
for any A ⊆ Θ. Since u(B, A¯) = 1 for any B 6⊂ A in terms of the definition
of non-exclusive degree u, Eq. (12) can be written as
Bel(A) =
∑
B⊆Θ
D(B)
[
1− u(B, A¯)
]
(13)
5
Definition 5. Let D represent a D number defined on Θ, the plausibility
measure for D is mapping
P l : 2Θ → [0, 1]
satisfying
P l(A) =
∑
B∩A 6=∅
D(B) +
∑
B∩A=∅
u(B,A)D(B) (14)
where A,B ⊆ Θ. Because u(B,A) = 1 for B∩A 6= ∅ in terms of the definition
of non-exclusive degree u, the plausibility measure P l can also be written as
P l(A) =
∑
B⊆Θ
u(B,A)D(B) (15)
It can be proved that the proposed measures satisfies the following basic
properties.
Theorem 3.1.
P l(A) ≥ Bel(A)
Theorem 3.2.
Bel(A) +Bel(A¯) ≤ 1
Theorem 3.3.
P l(A) + P l(A¯) ≥ 1
Theorem 3.4.
Bel(A) + P l(A¯) = 1
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If letting Pl be the vector form of plausibility measure, and D the vector
form of a D number, according to Eq. (15), we have the following relationship
Pl = D ·U (16)
In terms of the above definitions and properties, a D number D, and
its belief measure Bel and plausibility measure Pl are all in one to one
correspondence. As similar as DST, [Bel(A), P l(A)] forms a belief interval
about the possibility of A in DNT. It is easy to find that the Bel and P l for D
numbers will degenerate to classical belief measure and plausibility measure
in DST if the associated D number is a BPA in fact.
4. Conclusion
This note has studied the issue of belief and plausibility measures in DNT.
New belief and plausibility measures for D numbers have been proposed,
and the properties of these measures are studied. Based on the proposed
belief and plausibility measures, the framework of DNT is enriched and the
application foundation of DNT is more solid.
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